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We develop a multi-ion closure framework for tokamak plasmas by solving the drift-kinetic equation using
the moment-Fourier method. The model extends our previous single-ion formulation to plasmas containing
multiple ion species and consistently incorporates inter-species collisional effects in the moment system. As a
representative case, we consider a deuterium—carbon plasma, assuming a common zeroth-order ion temperature
on each flux surface while allowing the electron temperature to differ. The first-order fluid moments, namely
density, temperature, and parallel flow velocity, are computed for electrons, deuterium ions, and carbon ions.
The framework enables a direct comparison of the first-order parallel flow velocities of deuterium and carbon
ions, thereby providing a quantitative basis for interpreting charge-exchange spectroscopy measurements and

for systematic multi-ion neoclassical transport studies.

I. INTRODUCTION

Neoclassical transport theory provides a fundamental frame-
work for understanding particle, heat, and momentum transport
in magnetically confined plasmas due to Coulomb collisions in
an inhomogeneous magnetic field [1-7]. The drift kinetic equa-
tion serves as the foundation for neoclassical transport calcula-
tions, and numerous numerical methods have been developed to
solve it [8—11]. An analytic approach using the moment-Fourier
method has been developed for ion-only plasmas [12, 13] and
recently extended to electron-ion plasmas [14], enabling sys-
tematic derivation of both transport and closure relations with
accurate Coulomb collision effects.

Multi-ion plasmas are ubiquitous in tokamak experiments,
where impurity ions such as carbon play an important role in
plasma transport and rotation. In particular, charge-exchange
recombination spectroscopy (CXRS) provides direct measure-
ments of impurity ion flow velocities [15], offering an experi-
mental window into neoclassical transport. However, a system-
atic analytic framework for multi-ion neoclassical transport and
closures based on accurate analytic Coulomb collision opera-
tors [16, 17] has not been available.

In this work, we extend the moment-Fourier method to multi-
ion plasmas. As arepresentative case, we consider a deuterium—
carbon—electron (D-C-e) plasma, incorporating inter-species
collisional effects consistently in the moment system. The first-
order fluid moments — density, temperature, and parallel flow
velocity — are computed for all three species. The difference
in parallel flow velocities between deuterium and carbon ions
is examined as a function of plasma parameters, providing a
quantitative basis for interpreting CXRS measurements and for
systematic multi-ion neoclassical transport studies.

II. FOURIER-MOMENT APPROACH TO DRIFT KINETIC
EQUATION

In this section, we present a system of parallel moment equa-
tions for a multi-ion plasma that generalizes the single-ion sys-
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tem given in sections 2 and 3 of Ref. [14]. The key distinction
from the single-ion and electron-ion cases lies in the collision
operator Cy1 [Eq. (4)], which now includes inter-species con-
tributions from all pairs of species in addition to self-species
collisions. These inter-species collision terms couple the mo-
ment equations for different ion species, requiring all species to
be treated simultaneously in a unified linear system.

Although the formalism can be developed for a general mag-
netic field, in the present work we consider an axisymmet-
ric circular magnetic field B = I(¥)V({ + V({ x Vi with
B = By/(1 4 ecosf), where 1) is a poloidal flux coordinate,
( is the toroidal angle, and @ is the poloidal angle. In the for-
malism, we assume the zeroth-order distribution function to be
Maxwellian,
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where nyo and T, are flux functions representing the zeroth-
order density and temperature, v,0 = +/2Ta0/Ma, and s, =
v/vq0. Then we solve the following first-order drift kinetic
equation
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with C' denoting the Landau collision operator. Here ¢ (7)) is
the zeroth-order electric potential, and E, is the parallel com-
ponent of the first-order electric field, which provides an inde-
pendent drive for parallel flows in addition to the neoclassical
drives contained in Fy, [Eq. (3)].

In the moment-Fourier formulation, the first-order distribu-
tion function f,; is expanded as
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where Pl7 = 4 Pl(v”/U)L(lH/Q)( 2) /\/Tigs Sa = v/ Va0, Tig
is the normahzatlon constant for a Legendre polynomial P, and

an associated Laguerre polynomial L,(JIH/ 2); and py = 1,

) = pa-) =sinb, pe) = pat) = cosb, pi) = Pe-) =
sin 26, P4y = P24) = COS 26, ---. The expansion coeffi-
cients M(llq(m) are the m-th Fourier component of the gener-

alized velocity-space moment of f,;. The lowest-order mo-
ments are identified with the first-order fluid variables: M2 =
nal/nao’ Mgl = vV 3/2 Tal/TaO’ Mgo = ﬁua/vaOv
M;l = —\/4/5haH/Ua0pao, and Mgo = \/3/47Ta||/pa0,
where ng1, Tu1, Ua» haH, and Tq| are the first-order density,
temperature, parallel flow velocity, parallel heat flux density,
and parallel viscosity, respectively.

Taking moments of Eq. (2) with I:’ép yields a set of coupled
ordinary differential equations (ODEs) in the poloidal angle 6.
All #-dependent quantities — the moments and the magnetic-
field functions — are further expanded in Fourier series in 6,
converting the ODE system to a block-structured set of linear
algebraic equations for the Fourier coefficients {M )}

For a multi-ion plasma, the first-order colhslon term Cy1
[Eq. (4)] couples the moment equations of species a to those of
every other species b through inter-species Coulomb collisions.
The resulting system for species a takes the form
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where D,, As, and B, are the LKF dimensional moment-
Fourier matrices of s,0/0p, (B/B%040)C(fa1, foo), and
(B/B%040)C(fao, fo1), respectively; and M, is the column
vector of {Mé‘gm }; and G, is the moment-Fourier vector of

the right-hand side of Eq. (2) (¥, and Ey) terms). The full
mass-ratio dependence is retained in all collision matrices with-
out the small-mass ratio approximation. Although the approx-
imation provides significantly reduced electron-ion and ion-
electron collision matrices, it cannot be applied to ion-ion col-
lisions consistently in a multi-ion plasma. Therefore it is con-
venient to adopt accurate collision operators for electrons and
all ion species uniformly. Systems of the form of Eq. (6) for
all species are assembled into a single linear system and solved
simultaneously. The resulting first-order density, temperature,
and parallel flow velocity for each species are expressed as lin-
ear combinations of the radial pressure and temperature gradi-
ents, dpao/dv and dT,/d, and the first-order parallel electric
field ElH .

The closure relations for the density, temperature, and flow
velocity equations can be obtained by solving Eq. (6) with the
rows for { M29 MO M0} moments removed. Due to the re-
moval of the rows, the corresponding columns appear as clo-
sure drives in addition to F), drive terms. The additional clo-
sure terms are parallel gradients of 7;; and wu,. Since the E1||
term has appeared only in the M!° equation, it does not ap-
pear in the system of equations for closures. Solving the system
of equations yields the necessary moments to obtain closures,
{Qa, has Ra)), Ta) }» Where Q, and R, are collisional heating
and friction, respectively. The closure relations are expressed in
terms of fluid variables in Fourier representation. Once the clo-
sure relations have been obtained, they can be combined with
the linearized fluid equations to obtainngi, Ty,1, and u,. It is

abMa + Babe) = Ga7 (6)

obvious and we have verified that the fluid quantities obtained
from the full transport system [Eq. (6)] agree with those ob-
tained by combining the closure relations with the linearized
fluid equations.

Letting IF, denote the Fourier column vector of n41/n40,
Tu1/Tao0, and ug /v,0, the solution can be written as
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and E(m) is the m-th Fourier component of E =
eElHB / BeTco The coefficient column vectors Fab, Fab, and

FaE(m) encode the full neoclassical transport response of species
a to the drives of species b, and the electric field. Then the
first-order fluid quantities can be expressed in Fourier series
>on Fomyen) for each drive term pyo y, Tbo,w’ and E(m),
where I, (,,) is the n-th Fourier coefficient.

III. RESULTS

We apply the framework to a D-C-e plasma with inverse as-
pect ratio ¢ = 0.1. The electron and common ion tempera-
tures are T, = 3keV and Tp = T¢ = 1.47T,. Densities are
ne = 2 x 10 m~3, np = 0.64 n,, and nc = 0.06 ne, which
satisfy quasi-neutrality np + Zgng = ne with Zg = 6. The
Knudsen number for the deuterium ions is 103. The linear sys-
tem (6) is constructed and solved forL. = 40,K = 80, andF = 9.
The resulting profiles of n41, T,1, and u, shown in Figs. 1-4 are
reconstructed from the Fourier series > Fo(n)@(n) retaining
F = 9 harmonics.

Figures 1 and 2 show the first-order density and temperature
perturbations for D, C, and electrons driven separately by each
neoclassical drive. The first-order density and temperature per-
turbations depend on the radial gradients of the zeroth-order
densities and temperatures of all species and on the Fourier
components of the parallel electric field. The contribution of D
and C ion drives to the first-order electron density and temper-
ature is negligible compared to the electron contribution. Fig-
ure 3 shows the parallel flow velocities driven by the pressure
and temperature gradients. The D and C ion flows respond dif-
ferently to each neoclassical drive, and the resulting flow veloc-
ity difference suggests that competing neoclassical drives may
provide an explanation for the intrinsic rotation reversal. Fig-
ure 4 shows the parallel flow velocities driven by the parallel
electric field E1H For a circular magnetic field, the parallel
flow velocity is driven only by the zeroth Fourier component
E(O), not by E(m) for m > 0. The D and C velocities differ
noticeably from each other due to the mass dependence in the
inter-species collision matrices. Since C ion flows are directly
measurable by CXRS, these results provide a basis for inferring
D ion flows and for comparisons with experimental data.
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Figure 1. First-order density perturbation n1 /ng of D (solid, blue), C (dashed, green), and electrons (dotted, red) driven by the pressure gradient
Do, the temperature gradient Tyo,y, (b = D, C, e), and the electric field £,y (m = 0, 1, 2) as functions of the poloidal angle 6.
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Figure 2. First-order temperature perturbation 7% /7o of D (solid, blue), C (dashed, green), and electrons (dotted, red) driven by the pressure
gradient Ppo, and the temperature gradient Ty, .

IV. SUMMARY sistently in the moment-Fourier system without the small mass-

ratio approximation, treating electrons and all ion species on

We have extended the moment-Fourier method [13, 14] to  the same footing in a single linear system. As an example
multi-ion plasmas and applied it to a D-C-e plasma. The frame- study, we apply the method to a D-C-e plasma and compute the
work incorporates inter-species Coulomb collision effects con- ~ first-order density, temperature, and parallel flow velocity for
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Figure 3. Parallel flow velocity u/upo of D (solid, blue), C (dashed, green), and electrons (dotted, red) driven by the pressure gradient pro,y and

the temperature gradient Tbo,¢-
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Figure 4. Parallel flow velocity u/upo of D (solid, blue), C (dashed,
green), and electrons (dotted, red), driven by E' ;.

all three species, driven separately by the radial pressure and
temperature gradients and the parallel electric field.

The D and C ion flows respond differently to each neoclas-
sical drive, suggesting that competing drives may underlie the
intrinsic rotation reversal. Understanding the flow difference
between D and C ions also provides a basis for inferring D
ion flows from CXRS measurements of C ions. Future work
will address bootstrap current studies, intrinsic rotation analy-
ses, and comparisons with experimental CXRS data.
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