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Introduction

Experimental and theoretical studies are extensively pursued, concerning runaway electron (RE) formation in tokamak plasmas and the evolution in
time of their distribution function. These studies and their importance for fusion reactors are discussed in [1]. In recent years, the detection of
radiofrequency (RF) waves, emitted in the presence of RE in tokamaks [2-5], has opened the search for a new kind of diagnostics. The identification
of RF waves driven by RE is indeed a promising method to infer the characteristics of the RE distribution. The wave instabilities can be driven by
two RE free energy sources: the anisotropy of the RE distribution, with velocities almost parallel to the magnetic field, and its local peaking in the
momentum space, often predicted. Two main interactions occur: the Cherenkov and the anomalous Doppler effects, corresponding respectively to
n = 0 and n = —1 for RE-wave resonances of general form

w—=kyvp-—nl./y =0. (1)

Here u = cos 0, 8 is the angle of the electron velocity v with the static magnetic field B, (1., = —e|B|/m,c and y is the relativistic factor.

Linear stability analysis of cold plasma waves driven by RE considering any resonance order, with arbitrary RE distribution functions and plasma

equilibrium configurations has been discussed in [6]. There, the effective amplification of the unstable waves has been then evaluated by means of a
ray-tracing code and based on a statistical analysis of several rays. In [7], the linear stability analysis was performed considering hot plasma waves,

by the code REDHPW (Runaway Electron Driven Hot Plasma Waves). A comparison of the theoretical results with the RF spectra detected in FTU
during runaway discharges by ex-vessel antennas suggested that ion Bernstein waves (IBW), at their confluence with electron plasma waves (EPW)

might be driven unstable by RE, producing characteristics sets of line emissions at frequencies with almost fixed gap of the order of the ion cyclotron
frequency f.;. Nonlinear mode coupling seems responsible for the observed line emissions generating frequency gaps of about f;;/2. In-vessel

antenna in TCV has detected similar sets of line emissions, clearer and better defined.
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Spectrogram of RF emissions detected in FTU SN 43609 (a). The white circles indicate the frequency of the modes found unstable by REDHPW at the EPW-IBW
confluence, where the perpendicular group velocity is zero: the IBW thus propagates along magnetic surfaces, keeping their interaction with RE for sufficient long
interval of time to be amplified and detected. Spectrogram of RF emission detected in TCV SN 86969.

Here we evaluate the time evolution and RE-driven amplification of IBW packets emerging from the thermal noise, based on the eikonal theory. The

model is implemented by the numerical code FAREDW (Finite Amplitude Runaway Electron Driven Waves). As a reference scenario, we adopt
the TCV Deuterium plasma SN 86969 for t = 0.7 s and consider the interval of frequency in the range in the frequency range 80-100 MHz, where

line emissions at about 87 MHz 93 MHz and 98 MHz were observed. The relevant gap is about f.; /2, considering the value of the magnetic field on
axis. The frequencies 87 MHz and 98 MHz correspond, respectively to 8 f.; and 9 f.;. We first perform a local linear stability analysis.

Linear stability analysis.

Linear stability analysis of quasi-monochromatic waves is performed considering wave electric fields given by the real part of Ee*(“t=k7) Here we
assume Re(w) = w, > 0, without any lack of generality. The linear wave equation is

AE=0, (2)

where A = k, kgc? — k?c?84p + w?eqp is the dispersion tensor in Cartesian components. The dielectric tensor is given by & =1+ Y. +
i Xim + Xre»> Xem and ¥; u are, respectively, susceptibility tensor of the electrons and ions of species i of the plasma background, which is assumed
Maxwellian, and provided by analyitic expressions. Yz is the susceptibility tensor of the RE, which is calculated numerically, based on a general
relativistic expression, for any given RE distribution function in the momentum space. If both the ordering |w;| « @, and |e;| « ez | hold, where

w; = Im(w) and the superscripts A, H denote, respectively, the anti-Hermitian and the Hermitian part, a Taylor expansion provides an approximate
solution of the wave equation. We adopt the local Stix reference frame, with Cartesian axis X aligned along the component of the wavenumber
perpendicular to the static magnetic field, which is parallel to the axis Z. For any angular frequency w, and any parallel refractive index N; =
k,c/w,, normal plasma mode branches are identified, calculating the perpendicular refractive index N, = k,c/w, as numerical solutions of the
dispersion equation
detA” =0, (3)

where A? g = NgNg —N?8qp + P - We neglect the contribution of RE to the Hermitian part of the dielectric tensor £, since their density is much
smaller than the plasma density. For each normal plasma mode, the relevant electric field polarization is given by the wave equation

AE =0 (4)
Finally, the imaginary part w; is given by
E;Ege,
w = i (5)
Ea Eﬂ m Wy EaB

The anti-Hermitian part of the dielectric tensor €4 includes 1) the collisionless Maxwellian plasma contribution, arising from the resonances
W — kv —nlly =0 (6)

It 1s given by analytic expressions obtained following the Landau theory of plasma-wave interactions.

2) The anti-Hermitian part of the susceptibility tensor for background electrons and ions due to the collisions, yZ4.. The latter is evaluated adopting a

simple approximation, i.e. the substitution w = w + iv, in the conductivity tensor of the plasma species a: for v, << w, one obtains:

= - va = a =
Xbc =1 "~ [X('ZM (wr, k) + w;, S Xau(wr, k)] (7)

3) The anti-Hermitian part of the susceptibility tensor of RE, which is calculated numerically, from the integrals of the relativistic expression, for
given RE distribution functions. These integrals involve poles corresponding to the resonances (1), which are treated following the Landau
prescription. For computational purposes, it is convenient considering the (u, u) space (the RE distribution are unform in the gyro-angle) where u is
the momentum of the electrons normalized to m.c. Owing to the Dirac delta distribution resulting from the Landau prescription to treat the resonance
poles, the integrals over p are calculated analytically, and only 1D numerical integrals over u need to be performed. The plasma parameters on axis
for the reference scenario are B, = 1.43 T,n,, = 1.36 10'3*cm™3, np, = 7.9 10'2cm=3,T,, = 1.14keV, T;, = 0.5 keV. Fully ionized '°C is
considered as the dominant impurity. Linear profiles of the temperatures and the density vs the normalized polidal flux ), are assumed, with 30 eV
temperature (for both ions and electrons) and 5 10'! m~ density at ¥y = 1.0. Since no evidence of significant interaction via anomalous Doppler has
been observed around the observation time, it is assumed that the Cherenkov wave-beam interaction is dominant and that the main free energy source
is provided by a local peak of the RE distribution function in the momentum space. A skew normal energy distribution and almost gaussian angular
distribution is adopted, as already used and described in [11]. In the (E, i) space this distribution function is given by

n

b
o ? (8)

(E — Ep) ® (a E — Ep) exp(o, 1)

Og o J20gsinhoyg’

Here C is a normalization constant, such that the integral of f in the (E,u) space is the beam density n,. It is assumed E, = 7.5 MeV, o =
4.0 MeV, 09 = 20, = 1.

Conclusions
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Contour plot of the the function g(E,8) = f(E, cos 8)/ ny,. Linear stability analysis suggests that RF line emissions

Linear profile of the RE density ny, vs ¥y is assumed, 145 detected by in-vessel antenna in TCV SN 86969 in the range
with values n,,, on axis and zero at ¥y = 0.25. 80-100 MHz might be due to IBW packets originated from the
140 thermal noise and amplified by interaction with RE at the
Cherenkov resonance. Line emissions at around 87 MHz and
98 MHz, corresponding to the 8" and 9™ harmonics of the
deuteron cyclotron frequency are predicted by the modeling
and observed in the experiment. Finite amplitude IBW are
evaluated, considering the propagation and amplification of
wave packets emerging from thermal fluctuations, based on
the eikonal theory. Single pass amplification of IBW packet at 4
frequency around 87 MHz is obtained. At least 25 dB
amplification above the thermal fluctuation level is reached in
a time interval of the order of 30 pus. Further work is required
to explore the (N, 1) space at higher resolution and compute
the frequency spectra by accounting for all spatial origins of
the IBW. The initial seed should be evaluated taking into
account turbulence effects. Quasilinear diffusion should be
considered to evaluate the evolution of RE distribution
function consistently with IBW amplification.
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Nonlinear mode excitation via inverse Landau damping of IBW should be evaluated, possibly explaining_ the presence of further line emissions observed

Z (m)

Results of the linear stability analysis.

Linear stability analysis of plasma waves in the presence of RE has been performed considering the
plasma parameters on axis of the reference scenario, TCV SN 86969 for t = 0.7 s and the RE
distribution, skew normal vs. the energy, proposed above, with n, = 0.2 % n,,. The results are shown
in the following plots, as obtained by the numerical coded REDHPW.
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Solution of the dispersion equation for Ny = 1.0022, corresponding to the | Perpendicular group velocity of IBW waves in units of the speed of light in
Cherenkov resonance at energy of about 7.2 MeV (where the energy gradient of | vacuum. The vertical, dashed green lines indicate the deuteron cyclotron
the RE distribution is positive and near naximum). The IBW branches are shown | resonances (8" and 9" harmonics). Parallel and perpendicular group velocities are

in red, the whistler wave branch is shown in blue. The vertical, dashed green lines | given by the expressions reported in the viewgraph
indicate the resonances f = 8 f.p, (~87 MHz) and f =9 f., (~98 MHz)
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In (a) the growth rate of IBW due to RE drive (red dots), the collisional
damping due to ions (blue dots) and electrons (green dots) and the
x10° cyclotron damping (dashed lines) vs. the wave frequency, for Ny = 1.0022.
: I In (b) and (c) the net growth rates are shown as functions of the parallel
ok (c) refractive index and the wave frequency in the ranges where the IBW are
' driven unstable by RE within the interval 80-100 MHz considered. We note
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that, although the calculated WW growth rates are a factor three larger than
IBW, almost constant in the overall range 80-100 MHz, the relevant
perpendicular group velocity are two orders of magnitude larger, namely
about 0.02 c¢. The ray-tracing analysis indicates that single-pass
amplification of WW is negligible compared to IBW, since the WW
quickly escape from the region where the RE interaction occurs. Their
amplification, as suggested in [6] would require multiple reflection at the
1003 edge. The relevant analysis, however, should be performed by full-wave
codes, since the eikonal theory is not valid in the region of edge reflections.
In addition, wave power transmission to electromagnetic modes
propagating towards the wall might introduce significant power losses.
Scattering off edge density fluctuations should be also considered.

We also observe that discrete line emissions might be produced by WW, as suggested by full-wave analysis performed in [2], [3], due to
power accumulation produced by the finite geometry of the vacuum vessel. However, this effect might result in almost random
distribution of the frequency gaps among the line emissions. Conversely, IBW excitation naturally provide almost constant gaps,
consistently with the observations. Therefore, we limit the analysis of finite wave energy density evolution to the IBW.

Finite amplitude IBW driven by RE.

The IBW driven unstable by RE are amplificated from the noise level, which can be evaluated from fluctuation-dissipation expression:

d3k 2 (2mn)3

Here dW,,/d3k is the spectral density in the wavenumber space of the wave energy per unit of volume. Since the ion Bernstein mode is primarily
sustained and damped by the ion response, the effective fluctuation temperature entering the fluctuation—dissipation relation is taken to be T;. This
approximation follows from the dominance of the ion contribution to the dissipative component of the anti-Hermitian dielectric tensor (note that the
electron collisional damping is negligible compared to the ion collisional damping). The propagation and amplification (or damping) of IBW packets
is evaluated by the eikonal theory. The relevant ray-tracing equations are expressed in cylindrical coordinates r, z, ¢ with respect to the axis of

symmetry of the vacuum vessel as

dr _ 8H/dk.
dt ~ 0H/dw
dz _ 0H/dk,
dt = 0H/dw
1
dk, 0H/or 10
dt ~ 0H/dw
dk, 0H/dz
dt ~ 0H/dw

Here the Hamiltonian H is given by det A” and w is the real angular frequency. All the derivatives are calculated analytically. Due to long time
required for numerical evolution, the net growth rate for each ray is calculated on appropriate time steps after the ray integration.The axysimmetry
determines for each ray the constant k7, which is the variable canonically conjugate to the angle ¢. The magnetic field and its derivatives are
calculated by means of spline interpolations based on the equilibrium reconstruction provided by an EQDSK file. A wave packet, originated from
the seed thermal noise at a given point with coordinates 7,, z,, is defined by a meshgrid in N, f,n, where f is the wave frequency and 7 is the angle

formed by the perpendicular wave number k, with B X V{5 : for n = 0 the perpendicular group velocity is tangent to the magnetic surface in 1, z,.
The initial conditions for k,., k, are obtained by solving the wave dispersion equation with magnetic field and plasma parameters at 7, z,: from
Ny and f the perpendicular refractive index N, of the IBW branch is determined by numerical solution. Considering the angle 7, k,, k, and k,

(hence the constant k7, ) are then calculated analytically. Finally, the energy density of the wave packet is given at the time step ¢, by:

Nj2 f2 M2 6(kr, k, k )
W(t,) = dedff dn‘ 0
" Ny " fi M1 a(NII' f! 77)

aw, tn
{ Tk }exp Zf th(tl N"J fi 7)) (11)
tn d*kle=o 0

The Jacobian, the net growth rate and the above integral are calculated numerically, after mapping all the rays on the same time grid from 0 to t,

Finite amplitude IBW driven by RE and emerging from the thermal noise

The amplification and saturation of an IBW packet around 87 MHz is evaluated considering
1.0 % n,, peak RE concentration on axis, with distribution f (E, u). The RE current is thus 82.5

05 109 kA, namely about 38% of the plasma current [, = 214 kA. Owing to the finite resolution in N
' the wave energy density might be underestimated, if the peak of interaction is not resolved.
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