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Introduction 

The edge radial electric field (EREF) plays an important role in the L-H transition, and the ion 

orbit loss is thought crucial in the generation of the EREF in the tokamak plasma [1,2]. The 

gyrokinetic (GK) simulation is useful for investigating the ion orbit loss effect, and thus the PIC 

code XGC [2] and the Eulerian code COGENT [3] are developed for this purpose. In the past decade, 

the nonlinear GK global code NLT [4] based on the Numerical Lie-Transform method, which avoids 

the noise brought by the PIC code and reduces the Courant-Friedrichs-Lewy (CFL) restriction in 

the Eulerian code, has been developed and used to investigate the core plasma [4]. Motivated by the 

unique advantages and the success in the core plasma simulation, we extend the function of the NLT 

code to simulate the edge plasma with limiter configuration. We also perform some benchmark tests, 

and the simulation results agree with the analytical results [1,5]. In our simulation, the EREF is 

generated by the ion orbit loss of the initial Maxwellian distribution. The system reaches the quasi-

steady state after several transit time periods of the thermal ion. The width of the quasi-steady state 

EREF pedestal is about a half banana width of the thermal ion, and the magnitude of the quasi-

steady state electrostatic potential pedestal is roughly proportional to the edge ion temperature. 

 

Brief review of the NLT code 

The evolution of the ion gyrocenter distribution function 𝑓(𝒁, 𝑡)  is described by the 

gyrokinetic Vlasov equation (GKVE) 

𝜕𝑡𝑓 + {𝑓, 𝐻0 + 𝐻1} = 0, 1 

with {⋯ , ⋯ }  denoting the Poisson bracket and 𝒁 = (𝑿, 𝑣∥, 𝜇),  where 𝑿, 𝑣∥, 𝜇  represent the 

gyrocenter position, parallel velocity and magnetic moment, respectively. 𝐻0 =
1

2
𝑚𝑣∥

2 + 𝜇𝐵 and 

𝐻1 = 𝑒𝑖𝐽0𝛿𝜑 are the equilibrium and perturbed Hamiltonian, respectively, with 𝑒𝑖 , 𝐵, 𝐽0 the ion 

charge, the equilibrium magnetic field and the gyro-average operator, respectively. The perturbed 

electrostatic potential 𝛿𝜑 is solved by the quasi-neutrality equation with the adiabatic electron 

𝑒i
2

𝑇0i
∫ 𝑑3𝑣𝑓0(𝛿𝜑 − 𝐽0

2𝛿𝜑) = 𝑒i ∫ 𝑑3𝑣𝛿𝑓 + 𝑒e
2𝑛0e

𝛿𝜑 − 〈𝛿𝜑〉

𝑇0e
, 2 

with 𝑒e, 𝑇0i, 𝑇0e, 𝑛0e  the electron charge, ion and electron equilibrium temperature, electron 

equilibrium density, respectively, and 〈⋯ 〉  denoting the flux-surface average operator. The 

boundary condition is 𝛿𝜑 = 0 at and out of the last closed flux surface (LCFS). The ion gyrocenter 

distribution function is divided into two parts 𝑓(𝒁, 𝑡) = 𝑓0(𝒁) + 𝛿𝑓(𝒁, 𝑡), where the equilibrium 

part satisfies {𝑓0, 𝐻0} = 0. The NLT code solves the GKVE by using the Lie-transform 



𝑍̅𝑖 = 𝑍𝑖 + 𝐺1
𝑖 +

1

2
𝐺1

𝑗
𝜕𝑗𝐺1

𝑖 , 3 

where the 1st order generating vector 𝐺1
𝑖  is computed by 𝐺1

𝑖 = {𝑆1, 𝑍𝑖} and the gauge function 𝑆1 

satisfies 𝜕𝑡𝑆1 + {𝑆1, 𝐻0} = 𝐻1 . In the new coordinate, the GKVE is transformed to 𝜕𝑡𝑓̅ +

{𝑓̅, 𝐻0} = 0, with the scalar invariance 𝑓̅(𝒁̅, 𝑡) = 𝑓(𝒁, 𝑡). The steps of solving the GKVE in the 

NLT code for a given time interval [𝑡𝑛, 𝑡𝑛+1] are as follows: 

(1) Set 𝑆1(𝒁, 𝑡𝑛) = 0. 

(2) Solve 𝜕𝑡𝑓̅ + {𝑓̅, 𝐻0} = 0 by using the characteristic line method 𝑓̅(𝒁̅, 𝑡𝑛+1) =

𝑓̅(𝒵̅(𝑡𝑛; 𝒁̅, 𝑡𝑛+1), 𝑡𝑛), where 𝒵̅(𝑡𝑛; 𝒁̅, 𝑡𝑛+1) denotes the phase space point at 𝑡𝑛, which 

passes through 𝒁̅ at 𝑡𝑛+1 along the unperturbed orbit. If ∃𝜏 ∈ [𝑡𝑛, 𝑡𝑛+1]  ⇒

𝒵̅(𝜏; 𝒁̅, 𝑡𝑛+1) ∈ 𝐿, with 𝐿 the limiter region, set 𝑓̅(𝒁̅, 𝑡𝑛+1) = 0. 

(3) Solve 𝜕𝑡𝑆1 + {𝑆1, 𝐻0} = 𝐻1 in the same way as step (2) 𝑆1(𝒁̅, 𝑡𝑛+1) =

∫ 𝐻1(𝒵̅(𝜏; 𝒁̅, 𝑡𝑛+1), 𝜏)𝑑𝜏
𝑡𝑛+1

𝑡𝑛 . 

(4) Pull back by using the scalar invariance 𝑓(𝒁, 𝑡𝑛+1) = 𝑓̅(𝒁̅, 𝑡𝑛+1). 

 

Numerical tests 

In this work, the equilibrium of a circular tokamak [5] is used, with the parameters listed in 

table 1, and the setup of the cases tested is listed in table 2. In the five cases tested, the density 

profile is uniform 𝑛0e = 𝑛0i = 𝑛ref  and 𝑇0i = 𝑇0e  is used, with the reference density 𝑛ref =

1020m−3 and the reference temperature 𝑇ref = 1KeV. The fixed electrostatic potential in case 3 is 

𝑒i𝛿𝜑

𝑇ref
= −1 when 

𝑟

𝑎
≤ 0.8, 

𝑒i𝛿𝜑

𝑇ref
= −1 + (

𝑟/𝑎−0.8

0.2
)

2
 when 

𝑟

𝑎
> 0.8, and 𝜖 =

𝑟

𝑅0
 in table 1. 

Parameter Value Parameter Value 

Major radius 𝑅0 = 1.7m Minor radius 𝑎 = 0.6m 

Magnetic field at the 

magnetic axis 

𝐵0 = 1.6T Poloidal magnetic 

flux 
𝜓 =

𝜇0𝐼𝑝𝑅0𝑟2

4𝜋𝑎2
 

Safety factor 
𝑞(𝑟) =

𝑟2𝐵0

2𝜓√1 − 𝜖2
 

Total plasma current 𝐼𝑝 = 1.3MA 

Ion species 𝐷+ Initial distribution Maxwellian 𝑓𝑀 

Table 1: The equilibrium parameters. 

Case Initial 𝑇0i/𝑇ref Electrostatic potential  Purpose 

1 3.3 − 3𝑟/𝑎 No Benchmark 

2 3.8 − 3𝑟/𝑎 No Benchmark 

3 3.8 − 3𝑟/𝑎 Fixed Benchmark 

4 3.3 − 3𝑟/𝑎 Self-consistent EREF test 

5 3.8 − 3𝑟/𝑎 Self-consistent EREF test 

Table 2: The setup of the cases tested. 

A set of benchmark tests (case 1 to 3) of the collisionless relaxation have been carried out 



between the NLT code and the analytical results [1,5]. The system reaches the quasi-steady state at 

about 100𝑅0/𝑐𝑠, with 𝑐𝑠 = √𝑇ref/𝑚, which is several transit time periods of the thermal ion. 

Figure 1 shows that the quasi-steady state flux-surface averaged particle loss fraction 〈𝑃〉 =

∫ 𝑓𝑑3𝑣 / ∫ 𝑓𝑀𝑑3𝑣 increases with the minor radius and the ion temperature. The quasi-steady state 

flux-surface averaged momentum loss fraction 〈𝑀〉 = ∫ 𝑣∥𝑓𝑑3𝑣 / ∫ 𝑣𝑓𝑀𝑑3𝑣 and the flux-surface 

averaged parallel rotation of the bulk ions 〈𝑣∥〉 = −√8𝑇0i/(𝜋𝑚)〈𝑀〉 increase to a peak and then 

decrease to zero at LCFS, and the peak moves inward for the higher ion temperature. Figure 2 

shows that the loss cone appears at about 20𝑅0/𝑐𝑠, and the ions in the loss cone get loss almost 

totally at 100𝑅0/𝑐𝑠, when the system reaches the quasi-steady state. The loss cone is shifted to 

the high-energy tail in the presence of the radial electrostatic potential. These results agree with 

the analytical results [1,5]. 

 

Figure 1: Profiles of (a) the ion temperature, (b) the flux-surface averaged momentum loss 

fraction, (c) the flux-surface averaged particle loss fraction, (d) the flux-surface averaged parallel 

rotation of the bulk ions, at 100𝑅0/𝑐𝑠, with the analytical results given by [5]. 

 

Figure 2: The evolution of 𝑓 in the velocity space at (𝑟, 𝜃) = (0.95𝑎, 0) for case 2 and 3, with 

the dashed curves representing the analytical results of loss cone given by [1]. 

The generation of the EREF (case 4 and 5) is investigated after the benchmark. Figure 3 shows 

that the quasi-steady state EREF generated by the ion orbit loss reaches the quasi-steady state at 



about 100𝑅0/𝑐𝑠 . Figure 3 also shows that the EREF reduces 〈𝑃〉 , which means the EREF 

suppresses the ion orbit loss in return. At the quasi-steady state, the electrostatic potential pedestal 

width and the width of 〈𝑃〉 are both about a half banana width of the thermal ion, and the magnitude 

of the pedestal (in V) is about twice the ion temperature (in eV) at the top of the pedestal. 

 

Figure 3: Profiles of (a) the flux-surface averaged electrostatic potential for case 4, (b) the flux-

surface averaged electrostatic potential for case 5, (c) the flux-surface averaged particle loss 

fraction at 100𝑅0/𝑐𝑠, (d) the flux-surface averaged ion temperature at 100𝑅0/𝑐𝑠. 

 

Conclusion 

 The function of the NLT code has been extended to simulate the edge plasma and the 

implementation has been benchmarked. By using the NLT code, we investigate the generation of 

the EREF, and obtain the semi-quantitative relationship between the plasma parameters and the 

electrostatic potential pedestal width and magnitude, which is important for the further research. 
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