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Introduction

Electron Cyclotron (EC) waves are playing an increasingly larger
role in operating fusion devices: from heating (ECRH) and cur-
rent drive (ECCD), to realtime instability control and plasma
breakdown assistance. Finally, the interaction with runaway
electrons (RE) is being explored to study their dynamics.

GRAY 1 is a well-established beam-tracing code and a valu-
able tool for modeling EC waves. Its use has so far been mostly
limited to predictive modelling of standard ECRH scenarios, but
efforts have been made to extend its applicability across sev-
eral fronts.

GRAY

GRAY is a beam-tracer for EC waves in a tokamak 1.
Inputs: MHD equilibrium, kinetic profiles, beam parameters
Outputs: beam trajectory, absorbed power, driven current

(a) trajectory (b) profiles

Example GRAY outputs for an NTM control setup

Theoretical framework:
raytracing: quasi optics, cold plasma theory
heating: relativistic hot plasma theory
current drive: adjoint method, neoclassical response

Source code: https://maxwell.eurofusion.eu/git/istp/gray

GRAY in a nutshell

Complex eikonal ansatz: E(r, 𝑡) = Re [e(r)𝑒𝑖𝑆𝑅(r)−𝑆𝐼(r)−𝑖𝜔𝑡]

Gaussian beam → N rays obeying raytracing eqs.:
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where: k=∇𝑆𝑅 wavevector, 𝑠 arclength, 𝐷=detD(r, k, 𝜔) quasi
optical dispersion relation.
1. Integrate the raytracing eqs.

2. At each step, for each ray:
solve hot dispersion relation → absorption coeff. 𝛼 →
power 𝑑𝑃(𝑠) = 𝛼𝑃𝑑𝑠
compute current drive efficiency 𝑅 → current
𝑑𝐼(𝑠) = 𝑅𝑑𝑃(𝑠)

3. Compute 𝐽cd = 𝑑𝐼/𝑑𝐴 and 𝑝abs = 𝑑𝑃/𝑑𝑉 profiles

Hot dispersion relation

How to solve the dispersion relation for relativistic hot plasma?

Λ(x,N) = det [N ⊗ N − 𝑁2𝐼 + 𝜀̃(x,N)] = 0, (1)

where 𝐼 identity, x position, N refractive index and 𝜀̃ AC dielec-
tric tensor.

Standard method: rewrite eq. 1 formally as Λ(𝑁2
⊥) = 𝐴𝑁

4
⊥ +𝐵𝑁

2
⊥+

𝐶 = 0, substitute 𝑁2
⊥,cold as a first guess, solve using quadratic

formula, iterate until 𝑁2
⊥ converges.

Issues: slow convergence or failure when multiple roots ap-
proach each other 2; works only for X, O mode solutions.
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New dispersion solver

Advantages: always stable, finds all solutions, including Elec-
tron Bernstein Waves (EBW).

How it works: exploit algebraic properties of dispersion rela-
tion
1. Farina formulation 3: 𝜀̃(N) → single power series in 𝑧 =𝑁2

⊥
→ degree 𝑙 − 1 polynomials (𝑙, highest harmonic)

2. eq. 1 → Λ(𝑧) = ∑3𝑙−2𝑘=1 𝑝𝑘𝑧
𝑘 = 0

3. find all roots simultaneously using Aberth method 4
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Old (standard) vs new solver near a branch point. The old solver is
destabilised and jumps branche, the new finds all branches correctly.

Mode conversion?

The new solver allows detecting mode conversions events:
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X-B coupling strength at 2nd harmonic
estimated via the polarisation vectors e𝑋 ⋅ e𝐵

In combination with
ray-splitting 5, could
allow studying O-X-B
schemes 6 or X-B
conversion during the
plasma start-up.

Under investigation!

Modelling runaway-driven instabilities

Runaways Electrons (RE) can drive kinetic instabilities: both
Čerenkov and anomalous Doppler (AD) resonances contribute
to pitch-angle scattering and lowering the energy of the RE 7.

𝜔𝛾(1 − 𝑁∥𝛽∥) = 𝑛𝜔𝑐 with 𝑛 ≤ 0, |𝑁∥| > 1

0 10 20 30 40
u

0

2

4

6

u n= 1

n = 0 n= 1

10 17
10 15
10 13
10 11
10 9
10 7
10 5
10 3
10 1
101

F(u,u)

Resonance curves for 𝑁∥ > 1 overlaid the electrons distribution function

This mechanism can give information on the RE distribution:
RE → plasma waves (instability) → EM waves → antenna 8.

Three effects to consider:
1. damping by EC resonance with bulk electrons
2. damping by electron-ion collisions
3. amplification by AD resonance with RE beam.

1. EC damping

As for ECRH: compute the dielectric tensor 𝜀̃ → solve the dis-
persion relation → Im(𝑁⊥) → absorption coeff. 𝛼.

𝜀̃ involves Landau integrals of the form 3:
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where 𝑢∥, 𝛾∥ momentum and Lorentz factor, 𝛾𝑛 =𝑁∥𝑢∥ +
𝑛(𝜔𝑐/𝜔),𝑚 order of FLR expansion, ℎ = 0, 1, 2 and 𝑛 = 0, ±1,⋯±
𝑚 harmonics.

The case |𝑁∥| > 1 (required for instability!) is tricky:
For Im𝑄ℎ𝑚(𝑛) → evaluate modified spherical Bessel 𝑖𝑚.
New routine combining recurrence, Laurent and asymptotic
series – depending on 𝑁∥ – to avoid numerical instabilities.

For Re𝑄ℎ𝑚(𝑛) → careful numerical integration: 𝑄ℎ0 has
logarithmic singularities and 𝑄ℎ𝑚 with 𝑚 > 0 is almost
discontinuous at resonances 𝛾 = 𝛾𝑛.

2. Collisional damping

Modelled by adding a frictional force to the electron momen-
tum equation:

𝑑u𝑒
𝑑𝑡 = −u𝑒𝜈, with 𝜈 the e-i collisional frequency.

𝜈/𝜔 is small (≈ 10−8) → small anti-hermitian 𝜀̃𝐴 → Im(𝑁⊥) and
absorption coeff.

Simple expression obtained via perturbation theory.

3. Amplification by RE

Which runaway distribution?
1. Lorentz-boosted Maxwellian 9

→ less absorption but no amplification found

2. Exponential with pitch-angle spread 10

𝐹(𝑢, 𝜃) ∝ 𝑢−2 exp(− 𝑢𝑢0
− 𝜃
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Small RE fraction 𝑛𝑏/𝑛𝑒→ small 𝜀̃𝐴→ 𝛼 via perturbation theory:
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where 𝑄𝑛 depends on polarisation, 𝑅𝑛 on RE distribution, 𝜃
∗ is

the resonant pitch-angle.

𝜌𝐿 ≈ 0 approx is not good → full numerical integration and sum
of 𝑛 = 0, ±1, ±2, ... harmonics (𝑛 = 0, −1 dominate, as expected!)

Stability analysis

Slow X wave: 𝑓 = 40GHz, 𝑁∥ = 1.05

TCV-like plasma: 𝑛𝑒 ≈ 1 × 10
18m−3, 𝑇𝑒 ≈ 0.25 keV

Runaways: 𝐸𝑏 = 10MeV, 𝑛𝑏/𝑛𝑒 ≈ 0.05.
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(b) region of wave propagation

⟶ amplification is possible!

Next steps: perform raytracing, study the spectrum

Summary

We have presented the ongoing efforts to extend GRAY to new
applications:
the new solver for relativistic dispersion relation solves
stability issues of and unlocks new possibilities for
describing X-B conversion

the early results in modelling the interaction between RE
and EC waves are promising and show that RE-driven
instabilities can be successfully simulated and reproduced
under realistic plasma conditions.

References

1 D. Farina, FST. 52 (2007) 154–160. doi.org/m2ff.
2 P.L. Joostens, E. Westerhof, PoP. 28 (2021). doi.org/rcc5.
3 D. Farina, FST. 53 (2008) 130–138. doi.org/m2fg.
4 D.A. Bini, Numerical Algorithms. 13 (1996) 179–200. doi.org/dwkbh6.
5 E.R. Tracy, A.J. Brizard, et al., Ray tracing and beyond, Cambridge Univer-
sity Press, 2014. ISBN: 9780511667565. doi.org/rcdw.

6 H.P. Laqua, PPCF. 49 (2007) R1–R42. doi.org/dc3j5b.
7 B.N. Breizman, P. Aleynikov, et al., NF. 59 (2019) 83001. doi.org/ggkqc7.
8 W. Bin, C. Castaldo, et al., PRL. 129 (2022). doi.org/hbvvw9.
9 M. Bornatici, U. Ruffina, et al., PPCF. 28 (1986) 629–645. doi.org/cf76k8.
10 P. Aleynikov, B. Breizman, NF. 55 (2015) 43014. doi.org/gtzvfp.

† michele.guerinirocco@unimib.it 52nd EPS conference on Plasma Physics, Edinburgh, 2026.

https://maxwell.eurofusion.eu/git/istp/gray
https://doi.org/m2ff
https://doi.org/rcc5
https://doi.org/m2fg
https://doi.org/dwkbh6
https://doi.org/rcdw
https://doi.org/dc3j5b
https://doi.org/ggkqc7
https://doi.org/hbvvw9
https://doi.org/cf76k8
https://doi.org/gtzvfp

