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We propose a method for predicting the nonlinear saturation level of convective instabilities in
neutral and magnetized fluids. The method combines Gardner’s restacking algorithm, which com-
putes the available energy and ground states of collisionless plasmas in phase space, and Lagrangian
relaxation, where fluid elements find lower-energy equilibria while preserving local invariants. For
the incompressible Rayleigh-Taylor instability, the problem is formally equivalent to Gardner’s and
the restacking algorithm directly applies in configuration space. To treat compressibility, we follow
restacking with Lagrangian relaxation to obtain the ground state, and the results show excellent
agreement with direct numerical simulations. Successful extension to the m = 0 interchange insta-
bility in a Z-pinch demonstrates the method’s potential as a general framework for estimating the
nonlinear extent of convective instabilities, which can facilitate the design and operation of fusion

reactors.

Introduction—Convective instabilities are ubiquitous
in fluids and plasmas, arising whenever an unfavorable
stratification in an effective gravitational field allows el-
ements to interchange and release potential energy [1].
In neutral fluids, a canonical example is the Rayleigh—
Taylor instability (RTI), which drives rapid mixing and
often dominates the nonlinear evolution in laboratory,
geophysical, and astrophysical flows [2]. In magnetized
plasmas, the closely related interchange and ballooning
instabilities play an important role in setting confinement
limits and mediating transport [3].

Linear stability is well described by the energy princi-
ple [4] and typically treated as a hard constraint on the
design and operation of fusion reactors. Yet the nonlin-
ear outcome of a linear instability can bifurcate between
a major crash or benign saturation. In the tokamak core,
the quasi-interchange instability can trigger sawteeth or
maintain a helical steady-state [5-8]. In the periphery,
the edge localized modes can induce intense heat pulses
to the plasma facing components or manifest as small,
“grassy” oscillations [9-11]. In stellarators, the S-limits
predicted by linear stability theory tend to be soft, even
though large-scale collapses still occur at times [12-14].
Despite significant theoretical efforts to characterize the
nonlinear behaviors of these instabilities [15-18], a gen-
eral framework remains elusive. In particular, a practical
model that can efficiently estimate the nonlinear extent of
the instabilities without invoking expensive simulations
can expand the design and operation space of fusion re-
actors by relaxing linear stability constraints.

The available energy is a dynamics-agnostic nonlinear
measure for kinetic instabilities in collisionless plasmas.
The concept was introduced by Gardner [19] as the excess
energy above a “ground state” , obtained by restacking in-
compressible phase-space elements to minimize energy. It
was later formalized [20, 21] and successfully applied to
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microinstabilities and the resulting turbulent transport
in magnetic fusion plasmas [22-24], and also motivated
studies of phase-space engineering [25, 26]. In meteorol-
ogy, Lorenz [27] applied a similar approach to circula-
tion in stratified air, defining the available potential en-
ergy with regard to a reference state—a stable equilibrium
accessible by adiabatically rearranging fluid parcels. W

>“

closely related idea is Lagrangian relaxation, where fluid
elements rearrange to find energy-minimizing equilibria
while preserving local invariants including mass, entropy,
and magnetic flux [33-36]. Its solution is given in terms
of a continuous configuration map, which is more restric-
tive than Gardner’s discontinuous restacking operation
and hence cannot capture nonlinear convection alone.

In this letter, we present a novel restacking-relaxation
method for calculating the available energy and ground
states of convective instabilities by combining Gardner’s
restacking and Lagrangian relaxation. We first show that
the incompressible RTT admits an equivalent restacking
formulation in configuration space. We then introduce a
compressible extension by following restacking with La-
grangian relaxation to obtain the ground state, and ver-
ify the predictions against direct numerical simulations.
Finally, we apply the method to the m = 0 (m being
the poloidal mode number) interchange instability in a
Z-pinch (i.e., sausage instability), which demonstrates its
potential as a general framework for quantifying the non-
linear extent of macroscopic events in fusion plasmas.

Incompressible RTI—In collisionless plasmas, the gov-
erning Vlasov equation is a continuity equation in phase
space z = (x,v). The flow is incompressible such that the
volume dI" and the number density f associated with an
arbitrary phase-space element is invariant as it moves.
Subject to this constraint, Gardner defines the ground
state as one that minimizes the energy W = [ fedT,
where the particle energy ¢ is a function of z only [19].
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It follows that the ground state f, is a monotonically de-
creasing function of €, which can be obtained by restack-
ing the incompressible phase-space elements, or formally,
solving the following integrodifferential equation [20-23]:
Afy [ oln— e(z)dr "
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where fy is the initial distribution function that may be
unstable and §(x) is the Dirac delta function. The avail-
able energy A = Wy — W, provides a nonlinear bound on
the magnitude of the instability.

We identify a configuration-space equivalency for in-
compressible fluids in an external gravitational field ¢(x),
similar to the incompressible variation of Lorenz’s the-
ory [37, 38]. The continuity equation ensures that the
mass density p associated with an arbitrary fluid ele-
ment is invariant along with its volume dV. Subject to
this constraint, the ground state p; minimizes the energy
W = f podV by restacking the incompressible fluid ele-
ments, such that p, is a monotonically decreasing func-
tion of ¢ and
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where pg is the initial density distribution that may be
unstable to RTI. The limitation of this analogy is that
incompressibility is merely an approximation for fluids
and plasmas. Next, we propose a compressible extension,
and verify the incompressible case as a limit.

Compressible RTI—Similar to Lorenz [27], we seek a
ground state that is a stable equilibrium and preserves all
the local invariants of the initial state. In compressible
fluids, the continuity equation still holds. The volume
and the mass density of a co-moving fluid element are
not invariant, but the mass pdV is invariant. Meanwhile,
the adiabatic equation implies that the specific entropy
[s =1n(p/p?) in an ideal gas, where p is the pressure and
~ the adiabatic index] is also invariant. These invariants
now constrain the restacking process. For simplicity, we
consider ¢ = gz with a positive constant g in Cartesian
geometry. The initial density po(zo) and pressure po(zo)
profiles are in force balance:

Pog + dpo/dxo =0. (3)

As illustrated in Fig. 1(a), we find the ground state in
two steps, the first being a discontinuous restacking op-
eration. In this case, it is convenient to consider discrete
fluid elements with the same volume and the restacking
is still incompressible. That is, when an element initially
at zg is moved to x1, its density and pressure are main-
tained so that p; = pg, p1 = po. To achieve stability,
we restack the fluid elements to satisfy the Schwarzschild
criterion, ds/dx > 0, a necessary and sufficient condition
for linear stability [39]. Since s is invariant, similar to
Egs. (1) and (2), the restacked state is formally given by
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FIG. 1. A schematic of the restacking-relaxation method ap-
plied to the compressible RTI: (a) the unstable initial profiles
subject to incompressible restacking; (b) the restacked profiles
subject to Lagrangian relaxation; (c) the relaxed profiles, i.e.,
the ground state. The bars represent discrete fluid elements,
whose colors denote the initial position xo.

where so(zg) and s1(x1) denote the initial and restacked
specific entropy profiles, respectively. In Fig. 2(a-c), we
show an example of the restacked profiles p1(x1), p1(x1),
and s1(x1) (triangles) to compare with the unstable ini-
tial profiles (stars).

Unlike the incompressible case where the pressure is a
gauge, here the restacked state is not in force balance. To
further obtain an equilibrium state with lower energy, we
adopt Lagrangian relaxation as illustrated in Fig. 1(b).
Specifically, the fluid motion is governed by a continuous
mapping x4 (1), and the invariance of mass and entropy
implies that [33]

= pl/J’Yﬂ (5)

where the Jacobian J(z1) = dxg/dz; captures the com-
pressibility of the fluid. Minimizing the potential energy
W = [[pgxeg + pg/(v — 1)] dzy yields the relaxed state
as portrayed in Fig. 1(c), which satisfies force balance:

d {pl(xl)] — 0. (6)

pelrg(1)] = p1/J, pglrg(z1)]
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The equilibrium is stable for preserving the monotonic-
ity of the specific entropy, dsg/dzy = J~'ds;/dxy > 0.
We regard this invariants-preserving stable equilibrium
as the ground state, based on which the available energy
can be calculated. The corresponding profiles pg(x,) and
pe(zg) in Fig. 2(a-c) (circles) show significant deviation
from the restacked state to reach force balance.

To verify the method’s predictions, we perform direct
numerical simulations using the Dedalus framework [40].
We solve the compressible fluid equations in 2D slab ge-
ometry (z,y). The boundary conditions are periodic in
y, and Neumann for the pressure and density and free-
slip for the velocity field in . Small hyper-diffusivities
are included in the continuity and adiabatic equations for
numerical stability. A large viscosity is used to damp out
the RTI-driven flows so that the system settles to a near-
equilibrium state. The gray broken curves in Fig. 3(a-b)
show the initial conditions based on the globally unsta-
ble profiles in Fig. 2(a-b) (triangles), with the maximum
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FIG. 2. Examples of initial (stars), restacked (triangles), and
ground state (circles) profiles: the density (a), pressure (b),
and specific entropy (c) in the compressible RTT; and the pres-
sure (d), magnetic field (e), and stability indicator o (f) in the
sausage instability. The markers represent discrete fluid ele-
ments, whose colors denote the initial position (zo or o).

pressure P, varied to adjust compressibility. The detailed
settings can be found in the Supplemental Material.

In Fig. 3(a-b), all the settled profiles (solid) show excel-
lent agreement with the respective ground-state profiles
(broken) obtained with the proposed method, corrobo-
rating that the latter are consistent with the constrained
energy-minimizing equilibria. This naturally translates
to the agreement between the decayed potential energy
(triangles) in the simulations and the calculated avail-
able energy shown in Fig. 3(c). In particular, the most
compressible case (Py = 2) corresponds to Fig. 2(a-b),
and the least compressible case (Py = 10) approaches
the incompressible limit. Also, we perform simulations
with zero viscosity and a small hyper-viscosity and mea-
sure the peak (stars) kinetic energy. In Fig. 3(c), both
quantities are found to be proportional to the available
energy, further verifying its effectiveness as a metric for
the nonlinear extent of the RTT.

Sausage Instability—By combining Gardner’s restack-
ing and Lagrangian relaxation, we can achieve the ground
state robustly and efficiently in a general setting, irre-
spective of the specific geometry or types of local invari-

ants. We use the sausage instability as an example to
show how to treat magnetized fluids and more complex
geometry. It is an axisymmetric (m = 0) interchange
mode in a Z-pinch, which features a purely poloidal mag-
netic field B = B in cylindrical geometry (r,0,z). The
initial profiles po(r¢) and By(rg) are in force balance:
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In ideal magnetohydrodynamics (MHD), the magnetic
flux B - dS through a co-moving area element dS is in-
variant [33]. In our case, this entails that By drqy = By drg
when an element is radially restacked from ry to ry.

Similar to the RTI case, we resort to the linear stability
criterion [41] for a restacking strategy:
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This necessary and sufficient condition can be written in
a form similar to the Schwarzschild criterion:

do 7“p1/'y
dr>0,a—ln( 5 ) (9)

One can prove that o is also invariant based on the in-
variance of mass, entropy, and magnetic flux, so that we
can restack the fluid elements according to Eq. (9).

Here, we can consider discrete elements with the same
volume dV ~ rdr, so that the restacking operation is
incompressible. In this case, we have By /r1 = By/ro and
p1 = po, and the restacked state is formally given by

dov _ "
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Alternatively, we can consider discrete elements with the
same radial extent dr, so that the restacking operation is
“equidistant”. In this case, we have p;/r] = po/r] and
Bi1 = By, and the restacked state is formally given by

doy _ !
dry [ dloo(ro) —o1]drg’

(11)

The restacked states in the two cases will have different
profiles but the same order of fluid elements by ascending
o, so the ground states then obtained with Lagrangian
relaxation will be the same (c.f. Supplemental Material).
Similar to Eq.(6), the equilibrium that minimizes the
potential energy W = [[B2/2 4 py/(y — 1)] rydrg reads

d [(p Tg Bt Bt
+ + 0 12
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where J = (rg/r1)(dry/dri) now includes metric factors.
The solution rg(r1) then yields the ground state profiles

Bylrg(r1)] = rgBi/r1J, pylre(ri)] =p1/J7. (13)
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FIG. 3. Comparison between the ground states (broken colored) obtained with the proposed method and the settled profiles
(solid colored) in viscous simulations: density (a) and pressure (b) profiles in the RTI, and pressure (d) and magnetic field (e)
for the sausage instability. The gray broken lines show the initial profiles. The decayed potential energy in viscous simulations
(triangles) and the peak kinetic energy in non-viscous simulations (stars) all show proportionality to the available energy for
both the RTT (c) and the sausage instability (f). The black broken lines show linear fits.

An example of the initial (stars), restacked (triangles,
obtained with equidistant restacking), and ground state
(circles) profiles is presented in Fig. 2(d-f). The initial
profiles feature a locally unstable pressure hump, unlike
the globally unstable profiles in Fig. 2(a-c). The profiles’
non-monotonicity results in the non-smoothness of the
restacked profile, which highlights the discontinuous na-
ture of the restacking operation. The non-smoothness is
mitigated by Lagrangian relaxation in the ground state,
and does not have a significant impact on the calculation
of the available energy.

To verify the predictions, we solve the ideal MHD equa-
tions in axisymmetric cylindrical geometry (r,z) using
Dedalus. The simulation settings are similar to those
for the RTT (see Supplemental Material for details). The
position and shape of the pressure hump (and hollow)
are varied in the initial profiles (gray broken) shown in
Fig.3(d-e), with case 6 corresponding to Fig. 2(d-e). In all
cases the settled profiles (solid) in the simulations agree
well with the ground states (colored broken) predicted.
In Fig.3(f), the decayed potential energy in viscous sim-
ulations and the peak kinetic energy in non-viscous sim-
ulations all show clear proportionality to the available
energy. The agreement is less perfect than the globally

unstable RTT cases in Fig.3(c) because here the available
energy takes up a much smaller fraction of the total en-
ergy, so that the results are more SEHSItivFEeIMTMerical
settings, etc. NeVertheleSStheFendTremainsiobViouns.

Discussion—In this work, we present a method for cal-
culating the available energy as a metric for the nonlinear
extent of convective hydrodynamic and hydromagnetic
instabilities. The method extends Gardner’s restacking
algorithm to configuration space, followed by Lagrangian
relaxation to treat compressibility. Its effectiveness is
demonstrated by successful application to the RTT and
the sausage instability. Future work should consider more
complicated instabilities in realistic geometries, such as
interchange modes in a screw pinch and ultimately bal-
looning modes in toroidal plasmas.

The examples presented above enjoy two conveniences
that simplify the restacking process but may not exist in
general. One is an explicit local necessary and sufficient
stability criterion, and the other is that the criterion can
be expressed in terms of a local invariant. For the former,
note that the restacking strategy does not require a neces-
sary and sufficient criterion. In fact, in Gardner’s restack-
ing algorithm, d f;/de < 0is only a sufficient condition for
stability. (The necessary and sufficient condition is given
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by Penrose [42].) In the Supplemental Material, we show
an example where restacking based on a necessary (but
not sufficient) criterion is still effective. When the latter
does not apply, the restacked state may not be obtained
directly, and the relaxed state may become unstable. In
this case, one can apply the restacking-relaxation method
iteratively to obtain the ground state.
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