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Current sheets are ubiquitous in solar, space and astrophysical plasmas (e.g. [1, 2]), which
are often collisionless. Observations indicate that in some cases the current sheets seem to be
force-free (e.g. [1]). This raises the question how one can determine distribution functions that
are self-consistently giving rise to a given force-free magnetic field (and hence also current
density) profile.

We will describe current sheets as spatially one-dimensional structures in Cartesian coordi-
nates, with x and y being the two invariant coordinates and all quantities only depending on the

spatial coordinate z. The magnetic fields considered here have the form
B(z) = Bi(z)ex + By(2)ey, (1)
i.e. B, = 0. The force-free condition j x B = 0 implies that
B(z) +B§(z) = B% = constant. (2)

To ensure that the collisionless equilibrium distribution functions Fy for particle species s
satisfy the Vlasov equation they should depend on the constants of motion. We shall assume
that the distribution functions depend on the three obvious constants of motion associated with
the three symmetries of the system (time, x-direction, and y-direction), namely the Hamiltonian
H; = mgv? /2 +q,®(z), and the two canonical momenta Px,s = MsVx +qsAx(z) and py g = mgv, +
gsAy (z). Here my and ¢ are the mass and electric charge of a particle of species s, v = vye, +
vye, + e, is the velocity, ®(z) is the electrostatic potential, and A(z) = Ac(z)ex +Ay(2)e, is
the magnetic vector potential. We remark that we will in the following assume that the system
parameters are adjusted in such a way that ®(z) = 0 throughout (for the problems considered
here this can always be achieved).

Channell [3] has developed a method to determine distribution functions by using a com-
ponent of the pressure tensor which in our chosen coordinate system is the zz-component, P,

defined by
_ 2 3
Pzz(Ax;Ay) = st Vst(HSapx,was) d’v. 3)
N

Assuming that the distribution function has the form

Fs=Fy eXp(_Bch>gs (px,s,py,s)a “)



with B = (kgT;)~! where kg is the Boltzmann constant and 7; a temperature, Eq. (3) takes the

form of an integral equation for g;:

P.(Ay,Ay) =Cy //exp{

with Cy a constant factor.

px s CIsAx)z + (py,s - quy)Z] } 8s (px,s: py,s)dpx,sdpy,57 (5)

This method has been used by Harrison and Neukirch [4] to find the first known distribution
function for the force-free version of the Harris sheet [7] defined as

1

Bes cosh(z/L) ©

By = B tanh(z/L), By=

(see Fig. 1). We point out that in this case the By-component (guide field) goes to zero as z goes

to infinity.
In order to use Eq. (5) to derive g; Har-
Bx. By and 62 rison and Neukirch [4] needed to first find
an appropriate form for P.;(Ay,Ay) for this
magnetic field. They made use of the fact
.. that for a force-free magnetic field P,; has
— to be constant as a function of z, and that

T A.(z) and Ay(z) are invertible. With the

' ansatz P (Ay,Ay) = Pi(Ax) + P> (Ay) (Fig. 2,
Figure 1: The magnetic field components of the

left panel) and , = +
force-free Harris sheet as functions of z/L for the panel) 85(Prss Pys) = 8sx(prs)

case By — 0 as |z] — oo 8s.y(Py,s) they obtained a separable problem
and could determine the distribution func-

tions (Fig. 2, right panel; see [6] for a review and further developments).
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Figure 2: Left: P.;(Ay,Ay) as a surface plot with the vector potential for force-free Harris sheet solution
(6) as a isocontour (P,, =constant) overplotted. Right: Typical distributions functions (vy-direction) for

different z/L (from [5]).
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Figure 3: Left: The magnetic field components of the force-free Harris sheet for the case By, — constant
> 0 as |z| — . Right: The x-component of the vector potential Ax(z). Here r = By /Be = 1.1 has been

used.

A relatively simple modification of the magnetic field, however, results in a much more dif-
ficult problem. Let us assume that we want By to go to a finite value as |z| — oo, while keeping

By (z) the same. Then

By(z) = i\/B% — B2 tanh?(z/L), (7
with BzT > BZ. Without loss of generality we will in the following only consider the positive

root case (see Fig. 3, left panel). By integrating Eq. (7) with respect to z one gets
tanh(z/L) [tanh(z /L) }
\/ r2 —tanh?(z/L) d

where r = By /B > 1 (see Fig. 3, right panel). Despite A, being a one-to-one function of z, it

Ax(z) = BoL{ /r?>—lartanh [ /r?—1

-+ arcsin

)

is impossible to derive a closed form for the inverse function z(Ay). This implies that contrary
to the case when By, — 0 as |z| — oo one cannot find Pj(A,) in closed form, which obviously
presents a problem when wanting to solve the integral equation to derive the particle distribution
function. The pressure function is, however, known implicitly (see Fig. 4, left panel)

To overcome this problem we have used the following approach. The properties of P;(Ay)
together with the fact that the range of A, extends from —oo to oo (this is a major difference
to the By — 0 case) suggests that g (px,s) can be expanded into an infinite series of Hermite

functions in the form

[

gs,x(px,s) = &5.x,00 + Z 8s.x,.n Wn(Kspx,s)- (9)
n=0

Here, g, 00 and gs r, are expansion coefficients that have to be determined and v, (x) are the
usual normalised Hermite functions, which are products of a Gaussian function and the Hermite
polynomial of order n. The reason for this choice is that there is a well-established connection
between the action of the Gaussian kernel of the integral equation on Hermite polynomials

and the Maclaurin coefficients of P;(Ay) (see e.g. [8, 9]). One can determine the Maclaurin
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Figure 4: Left: P.;(A,Ay) as an implicit surface plot for the case with a nonzero limit of By as |z| — oo.

Right: Examples of distribution functions derived by using an expansion in terms of Hermite functions.

coefficients of P;(Ay) by implicit differentiation, for example using Faa di Bruno’s formula.
The result of a successful calculation, truncating the summation after 30 terms, for the case
r = 1.1 is shown for three different positions z/L in the right panel of Fig. 4. We remark that a
number of different variations of this approach are possible and investigations about advantages
and disadvantages of these variations are currently underway.
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